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Abstract 

We consider the one-dimensional KPP-equation driven by space-time white noise and extend the con¬ 
struction of travelling wave solutions arising from initial data fo{x) = 1 A {—x V 0) from [T7] to 
non-negative continuous functions with compact support. As an application the existence of travelling 
wave solutions is used to prove that the support of any solution is recurrent. As a by-product, several 
upper measures are introduced that allow for a stochastic domination of any solution to the SPDE at 
a fixed point in time. 
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1 Introduction 

1.1 Motivation 

Consider non-negative solutions to the one-dimensional stochastic partial differential equation (SPDE) 

dtu = dxxU + 6u — dW, t>0,a;€R, 0>O (1-1) 

u(0, x) = uo{x) > 0, 

where W = W{t, x) is space-time white noise and 0 > 0 a parameter. The deterministic part of this 
SPDE is (after appropriate scaling, cf. Mueller and Tribe [131 Lemma 2.1.2]) the well-studied Kolmogorov- 
Petrovskii-Piskunov-(KPP)-equation (also known as the Kolmogorov- or Eisher-equation). In Bramson [2] 
the existence of a family of non-negative travelling wave solutions to this deterministic partial differential 
equation (PDE) is established. Including the noise term, one can think of tt(t, x) as the density of a 
population in time and space. Leaving out the term 6u — the above SPDE is the density of a super- 
Brownian motion (cf. Perkins |15l Theorem IIL4.2]), the latter being the high density limit of branching 
particle systems that undergo branching random walks. The additional term of 9u models linear mass 
creation at rate 0 > 0, —v? models death due to overcrowding. In |14] . Mueller and Tribe obtain solutions 
to (jl.ip as limits of densities of scaled long range contact processes with competition. The same techniques 
can be extended to obtain solutions to SPDEs with more general drift-terms, see Kliem [9]. 

The existence and uniqueness in law of solutions to (II.ip in the space of non-negative continuous 
functions with slower than exponential growth is established in Tribe |17l Theorem 2.2]. Let 
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T = inf{i > 0 : u{t,-) = 0} be the extinction-time of the process. By [131 Theorem 1], there exists a 
critical value 6c > 0 such that for any initial condition uq G C+\{0} with compact support and 6 < 6c, 
the extinction-time of u solving ([l.ip is finite almost surely. For 6 > 6c, survival, that is r = oo, happens 
with positive probability. 

Let i?o(^(0) = -^o(^) = sup{x G M : u{t,x) > 0}. Then Ro{t) = —oo if and only if r < t. Extending 
arguments of Iscoe [7] one can show that Ro{u{0)) < oo implies Ro{u{t)) < oo for all t > 0. Using Rq as 
a (right) wavefront marker, we look for so-called travelling wave solutions to (11.111 . that is solntions with 
the properties 


(ii) 


Ro{u{t)) G (— 00 , 00 ) for all t>0, 

u{t, ■ + RQ{u{t))) is a stationary process in time. 


( 1 . 2 ) 

(1.3) 


In [T71 Section 3] the existence of travelling wave solutions to (11.11) is shown, in [T71 Section 4] it is 
established that for 6 > 6c any travelling wave solution has an asymptotic (possibly random) wave speed 


Ro{u{t))/t ^ A e 0,20^/^ for t —>• 00 almost snrely. 


(1.4) 


Strict positivity of A remains an open problem if 6 is not big enough. 

To construct a travelling wave, m proceeds as follows. Use Ri{u{t)) = In (/ eyip{x)u{t,x)dx) in 
place of the wavefront marker Ro{t) and take as initial condition fo{x) = 1 A (—x V 0) in (|1.1D . Then the 
sequence {i't)t£N with 


i^T the law of T' 


■7 


u{s, ■ + Ri{u{s)))ds 


(1.5) 


is tight and any limit point ly is nontrivial. Starting in uq with distribution n, shifted by Rq, one then 
obtains a travelling wave solntion to (jl.ip . 

The investigation of snrvival properties of solntions to dni is a major challenge, where the main 
difficulty comes from the competition term —Withont competition, the underlying “additive property” 
(cf. [151 pages 167-168 and 159] in the context of Dawson-Watanabe superprocesses with drift) facilitates 
the use of Laplace functionals. Including competition, only snbadditivity in the sense of m Lemma 2.1.7] 
holds. 

It is quite common to first investigate the behavionr of solntions to SPDEs dependent on a parameter 
6 for 6 very large respectively very small (see for instance [13] and m Proposition 4.1c)] in the context 
of ()l.ip . Mueller and Sowers [12] and Mneller, Mytnik and Qnastel [11] for KPP-type pertnrbed by a 
Fisher-Wright white noise). In the first case, to establish snrvival, a fruitful technique turns ont to be 
comparison with iV-dependent oriented site percolation with density 1 — p (cf. Durrett jH Chapter 4]). 
For 6 big enongh the influence of the stochastic part of the SPDE can be neglected on appropriately 
chosen time- and space- intervals and the linear drift of 6u dominates by far the inflnence of competition 
by —This allows for a first comparison with the solntion to the corresponding PDE whose ability 
to “generate and distribute mass” forward in time is known. A second comparison of the latter with 
A^-dependent percolation concludes the respective argument. Indeed, nse that if the density of open sites 
is high enongh, percolation occnrs (cf. jH Theorem A.l]). In the second case where 0 > 0 is small enongh, 
the overall mass can be dominated by a stochastic process that goes extinct with probability one. Finally, 
comparison techniqnes can be nsed to show that the chance of survival is non-decreasing in 6 (cf. |13[ 
Lemma 2.1.6]). In particular, the existence of 0c > 0 follows. 

For 6 > 6c close to criticality comparison with iV-dependent oriented percolation is a difficulty, as 
competition increases dependence in space. Recall the construction of solntions to (HI) in m by means 
of limits of densities of scaled long range contact processes with competition. For the nearest-neighbor 
contact process, Liggett cni Theorem 2.28 of Chapter VI] gives a fnll description of the limiting law of 
a solntion: for > limiting law is the weighted average of the Dirac-measnre on the 

zero-confignration and the npper invariant measnre of the process (cf. [101 VI(l.l)]), where the weight 
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on the former coincides with the extinction probability. A particularly interesting question is if such a 
complete convergence result holds true in the present setup? Note in particular that the result in m 
holds for any initial distribution. In Horridge and Tribe [U Theorem 1] such a result is given for all 9 > 9c 
under the assumption that the initial condition uq has property [ 6 l ( 6 )], that is, is “uniformly distributed 
in space”. But what can be said for solutions to (jl.ip with initial conditions with compact support when 
we condition on survival? Is a similar result valid? 

1.2 Notation and backgronnd 

As a state space for solutions to (HI) the space of non-negative continuous functions with slower than 
exponential growth C'^cm^ defined as follows, is chosen. Let be the space of non-negative continuous 
functions on M, then 

Ctem = {/^ :||/||a< oo for all A > 0} with || / ||a= sup |/(x)|e"^I^L (1.6) 

Equip C^cm with the topology given by the norms || / ||a for A > 0. Note that d{f,g) = 

\\ f — g lli/n) rnetrizes this topology and makes Ci^cm ^ Polish space. Let {C{[0,oo),C^^),U,Ut,U{t)) be 

continuous path space, the canonical right continuous hltration and the coordinate variables. 

Write {f,g) = f f{x)g{x)dx and use ^ to denote weak convergence of probability measures. Next, 
recall the following notation and result from m- 

Notation 1.1 (equations (2.4)-(2.5) of |17j). Consider the generalized equation 

dtu = dxxU -\- a -\- 9u — (5u — -|- u^dW (1-7) 

with a, , 0,7 G C([0, oo), We may interpret a as the immigration rate, 9 — /3 as the mass creation- 

annihilation rate and 7 as the overcrowding rate. 

A solution to D consists of a filtered probability spaee an adapted white noise W 

and an adapted continuous Cf^m valued process u{t) such that for all (j) G the space of infinitely 
differentiable functions on M with compact support, 

{u{t),(j)) ={u{0),(l)) + [ {u{s),(j)xx + (0 - I3{s) -'yis)u{s))(l))ds (1.8) 

Jo 

+ [ {a{s),(j))ds-\- f [ \u{s,x)\^^'^(l){x)dWx,s- 
Jo Jo J 

If in addition P(u(0, x) = f{x)) = 1 then we say the solution u starts at f. 

Theorem 1.2 (Theorem 2.2a)-b) of [T7]l. 

a) For all f G Ci^cm there is a solution to (|1.7I) started at f. 

b) All solutions to ()1.7p started at f have the same law which we denote by The map 

(/,a,/3,7) ^ is continuous. The laws j^gr f G form a strong Markov fam¬ 

ily. 

We now introduce additional notation used in the present article. 

Notation 1.3. 

1. A solution to dni) is defined as in Notation \1.1\ above with a = fi = 0 and 7 = 1 . By Theo¬ 
rem El existence and uniqueness in law of solutions to 0 started at uq G hold and the laws 
P^Q = p“o, 0 , 0,1 such solutions form a strong Markov family on C([0, oo),C^^). Use to denote 

respective expectations. 
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2. In what follows denote ut{x) = u{t,x), abbreviate ut = u{t) = u{t,-) and write u[^°\x) foru{t,x), 
starting at u{0,x) = uq{x). 

3. Let T = inf{t > 0 : u{t, ■) = 0} be the extinction-time of the process and denote the right wavefront 
marker by 

Ro{f) = sup{x G M : f{x) > 0} and write Ro{t) = Ro{ut). (1.9) 

For arbitrary f G Ro{f) G (— 00 , 00 ]. By the last two lines of 0 Lemma 2.1] (note 

that in the latter case \x\ has to be replaced by x; also see Remark \7.1\ below) Ro{0) < 00 implies 
i?o(i) < 00 almost surely for all t > 0. Further adopt the obvious conventions Ro{t) = —00 on 
{t < t} and ut{- + Ro{t)) = 0 on {t < t}. 

Analogously define the left wavefront marker by LQ{f) = mi{x G M : f{x) > 0}. 

4 . For u the space of probability measures onC]),^, denote¥y{A) = L+ Pf(A)i/(df). (Borel 

^tem 

measurability in f follows from the continuity of the map f on cf. Theorem \ 1.2b ). ) 

5. Use Cf' to denote the space of non-negative continuous functions with compact support and note that 
due to the compact support property, ut G Cf' for allt > 0 if uq G C+. The compact support property 
follows for instance by reasoning as at the beginning of JQ, Section 2] or using m Lemma 2.1]. 

Constants may change from line to line. 

1.3 Main results 

The first main result of the present article is an alternative construction of travelling wave solutions in 
case 6 > 9c. The initial condition /o from m is replaced by an arbitrary non-negative continuous function 
go G Cff with compact support. As extinction (that is r = inf{t > 0 : Ut = 0} = inf{t > 0 : {ut, 1) = 0} < 
00 ) happens with probability 0 < Pgo(T < 00 ) < 1, we condition on non-extinction to obtain non-zero 
travelling wave solutions. 

Definition 1.4. For 0 > 6c, go G C+\{0} let vt £ 'P{Ctem) given by 

i't{A) = T~^[ Pg^{us{--\- Ro{s)) € A\ t = oo)ds, (1-10) 

Jo 

that is, vt is the law of T~^f^ Us(- -P Ro(s)}ds under Pgg(- | r = 00 ) G T’(C([0,oo},Cf]^)). 

Remark 1.5. For 9 > 9c, go ^ 0 this yields in particular (recall Nota,tion \1.3\ -4) Put £ ^(^([0; 
with ^ 

Put{B) = (lP5o('r = oo))"^r"^ [ Ego [l{r=oo}JPn4.+flo(s))(^)] ds, (1.11) 

Jo 

where 0 < Ego('^ ~ 

The sequence (z^'r)reN is in the sequel shown to be tight for 9 > 9c, go G C^\{0} fixed. Every 
subsequential limit v yields the (not necessarily unique) law Pi, of a travelling wave solution, that is under 
Pu, (|1.2p and ()1.3p hold. 

Theorem 1.6. Let 9 > 9c and go G C^\{0}. Every subsequential limit of the tight sequence {vt : T G N} 
from Definition } 1.4\ yields a travelling wave solution to equation (dr]). 

We work with the original wavefront marker Ro{t) and show in particular that the wavefront marker 
of the limiting solution is zero with probability one. 

Proposition 1.7. Let 9 > 9c, go G C^\{0} and let VTn be a subsequence that converges to v. Then 
u{{f : Roif) = 0}) = 1 and Pi,{u{t) ^ 0) = 1 for all t > 0. 
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The uniqueness of the law of travelling wave solutions remains an open problem. Is the wavespeed 
deterministic and/or does it depend on /ojfi'o? In how far does it depend on 0 > 0c and is it strictly 
positive (for 6 big enough, cf. [171 Proposition 4.1c)])? In the latter case, does the same hold true for 
limsupt^^Ro{u{t))/t7 

Survival is possible only if the overall mass and Ro{t) — Loit) with LQ{u{t)) = Lo(t) = inf{x G M : 
u{t,x) > 0} grow to infinity over time (see Proposition 13.11 below). Recall the definitions of recurrence, 
transience and local extinction of the support of a process from Pinsky |161 Definitions, p. 239-240]. Here 
we formulate the definition of recurrence in the context of SPDEs. 

Definition 1.8. The support of the process u{t) is recurrent if 


■ UQ 


u{t,x)lB{x)dx > 0 for some t > 0 



( 1 . 12 ) 


for every uq G C(/\{0} and every open set R C M. 

A consequence of the existence of travelling waves constructed from compact initial conditions is our 
second main result which shows that the solutions to the SPDE (jl.ip have recurrent support. 

Theorem 1.9. Let 6 > 9c and qq G C^\{0}. Then the support of the process u{t) is recurrent. 

We obtain as a by-product of the proof that the supremum of the process does not decrease to zero 
over time almost surely (see Lemma EH). The idea of the proof is that “a travelling wave comes back”. 
By monotonicity one obtains similar results for any initial condition in This result is a first step 

in the direction of obtaining a more detailed view on the behaviour of surviving solutions to (HH , in 
particular in near-critical regions 9 > 6c where no results except for |6l Theorem 1] are known to the 
knowledge of the author. It remains an open problem to give a complete convergence result. 

The present article additionally introduces upper measures that allow for a stochastic domination of 
solutions to (11.11) starting in initial conditions of arbitrary support respectively support bounded to the 
left or right (cf. Remark 12.8p . In the first case we obtain a second construction for the unique translation 
invariant stationary distribution in the convergence result of (HJ Theorem 1]. 


1.3.1 Comparison with the construction in [17] 

In [171 Section 3], /o(®) = 1 A {—x V 0) G is fixed as initial condition. Note that for 9 > 9c, 
Pj(j(r = oo) = 1, so there is no need to condition on survival. Instead of the wavefront marker Ro{t), 
Ri{t) = Ri{u{t)) = In (f exp(x)u(t, x)dx) is used. Taking these changes into account, and P® are 
constructed as in Definition oi and Remark O above. For 9 > 9c, tightness of the sequence (z^t)^i^ is 
established in m Lemma 3.7]. By |171 Theorem 3.8] every subsequential limit yields the law P^.ftti 
of a travelling wave solution. 

As remarked in the proof that the limit point is non-trivial seems easier using the wavefront 
marker i?i rather than Rq. To establish the recurrence result in Theorem 11.91 the use of the wavefront 
marker Rq is more suited. As a result, a substantial part of the work to follow goes into establishing a 
result in the spirit of m Lemma 3.5]. By means of domination methods it is shown that the slope of the 
corresponding linear function only depends on 9 but not on the initial condition qq G Cf'. Due to the use 
of the wavefront marker Rq, an additional argument becomes necessary to obtain the properties of any 
subsequential limit n as detailed in Proposition 11.71 


1.4 Outline 

The paper is organized as follows. In Section [2] useful technical properties are recalled and upper measures 
that allow for a stochastic domination of solutions to are obtained. In particular, the unique 
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translation invariant stationary distribution in the convergence result of [ 6 l Theorem 1] is obtained as the 
unique weak limit of a sequence of dominating measures. In Section [3l the blow up of the overall mass 
and support of a solution conditional on survival is established. Estimates on the right wavefront marker 
are derived in Section 01 They are used in Section [5] to construct travelling wave solutions arising from 
initial conditions with compact support. We show in particular that the wavefront marker of the limiting 
solution is zero with probability one. Finally, in Section [ 6 l the recurrence of the support of a solution 
conditional on survival is shown. 


2 Self duality and upper measures 

As detailed in [ 6 l Section 1.2], the following self duality relation for (II.ip holds: Let u,v be independent 
solutions to (|l.ll) with uq e '^0 Then we have for 0 < s < f. 


E 


p-2{«(t)v(0)> 


= E 


^-2{u{s),v{t-s)) 


= E 




( 2 . 1 ) 


We extend this to arbitrary vq G outlined below. 

First approximate uo by a monotonically increasing sequence in Cf such that t vq. 

Adapt the reasoning of [171 (12)~(13)], based on a coupling technique of Barlow, Evans and Perkins [T], 
inductively as follows. For n = 1, let « be a solution to (ini) started at uq = and defined on 
(fl, P). Define a random Cj);^-valued process by 


B{uj){t,x) = 2u{u!){t,x). ( 2 . 2 ) 

Let (recall the notations {C{[0,oo),C^^),U,Ut,U{t)) from below (ll. 6 p and pL“>/ 3,7 from Theorem II.2p 


= D X C([0,oo),Citm), =TtxUt (2.3) 

«^^^(w,/) = ^(a;), v{uj,f) = U{f), w{uj,f) = u^^\uj,f) + v{uj,f). 

Then there is a unique probability P*-^) on (D^^), such that for F ^ F,G ^ 7/, 

p(2)(FxG)= [ 1f(cj) P(da;). (2.4) 

Jo, 


The integrand on the right hand side is measurable by the continuity of the map (/, a, /3, 7 ) e-)• e/>“A .7 
(cf. Theorem II.2p . The techniques of [U Theorem 5.1] show that w solves (II.ip with wg = Vq (on a 
possibly enlarged probability space where is replaced by x C([0, oo),Cj);^)). The idea for the 
construction of v is to add an independent white noise (to that for u) and to obtain v (conditional on u) 
as a process with annihilation due to competition with u. To establish the existence of a white noise for 
w, a solution to pi.ip (cf. Notation 11.ip . one may have to enlarge the probability space. 

Now proceed inductively. For n > 2, let uq = v^\ (D,F,Ft,P) = Jy^^^P^”)) and use 

/ (n + l)_ (’^)'\ p, r>/ \ 1 

jp^^o “'^0 pu, integrand of (12.4p in the n-th step of the construction. By lonescu-Tulcea’s 

theorem (see for instance Klenke [ 8 l Theorem 14.32]) there exists a uniquely determined probability 
measure P' on D x (C([0, oo),Q’);^)^ such that for F G F, G G 77^”', 


^'(F X G X (x£„+iC([0,oo),C+^))) = p(-+T(F x G). 


(2.5) 


Use the above inductive construction to obtain a coupled sequence of solutions to dni) on (D X 
(C([0,oo),Cj);^)^,F x7/^,P') with initial conditions satisfying u['^\x) < u[^^^\x) for all 

f > 0,a; G M. Let ut hm„^oo By (12.51) and the tightness of the sequence P („) for n —>■ 00 , u has 
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law P„(, (cf. Theorem 11.21) . Equality in (12.11) then follows by using monotone convergence for each term 
separately. 

Note that we do not claim that u is a solution to dni) as we did not prove the existence of an 
appropriate adapted white noise for this limit. The uniqueness in law is sufficient for the required result 
dZH). 

Remark 2.1 (monotonicity and domination by a superprocess). In what follows we frequently make use 
of the following two properties. Note in particular the discussion at the beginning of Section 2], 

(i) (monotonicity) 

Let uo,vo G Cfem satisfy uo{x) < vo(x) for all x G M. Reason as above (use m) 

to see that on a common probability space, there exist solutions u{t, x) and v{t, x) to (jl.ll) with initial 
conditions uq respectively vq such that u(t,x) < v{t,x) for all t > 0 , x £ E. almost surely. Once 
again, the idea is to construct the increment v — u as a process with annihilation due to competition 
with u by means of an independent (of u) white noise. 

Next consider initial conditions Uq,Uq^ G C)(,^,i G N such that Uq{x) < 

X G M. Without loss of generality decompose Uq = with G C((^,i G N satisfying 

< tto^(x) for all i G N. Then, on a common probability space, one can construct solutions 
v)^\tf'^\l,i G N to (11.11) with initial conditions ^ ^ ^ respectively G N 

such that 

=t lim vf^^ has law P„ and satisfies Uf(x) < u[^\x) (2.6) 

i>l 

for all t > 0 ,x gE almost surely. 

Indeed, we shortly outline how to extend the construction of dZl-dlSI) to this case. Using mono¬ 
tonicity, let be a coupled pair of solutions on some probability space (fl, J-”, T), P) to (II. ip 

started at respectively such that u|^^(x) < u^^\x) for all t >0,x gE almost surely. Induc¬ 
tively construct solutions v)'^+U = 0 x (C([0, oo),Cj);^))^”, nG'N by considering 

vi^J, 9 ) = U{f), w{uj,f,g) =u^"-\uj,f,g) + v{uj,f,g), (2.7) 
v{^^, f, 9 ) = U {g), w{uj, /, g) = vfu, f, g) + v{uj, f, g) 


and for F G F and G,H gU, 
p(ri+i)(^ ^GxH) 


( 2 . 8 ) 


/o(") 


lir(u;) [ Icif) 


with the three random Cf'^.^-valued processes R, A and B given as 

^{Lo){t,x) = 2v)^\uj){t,x), (2.9) 

A{u}, f){t,x) = 2y)^\uj){t,x)f{t,x) and B{uj, f){t, x) = 2f{t, x). 

Note that in this step, w,w solve (HI) with rog = Ug"’”''^^ respectively wq = ■ The claim in 

dlSI) now follows from (EH) and v[^\x) < u[^\x). 

(a) (domination by a superprocess for 6 > 0) 

Recall from (7)] that there is a coupling of a solution u to (jl.ll) starting in uq G with a 
solution u to 

dtu = dxxh + 9u + u'^dW, uq = uq (2.10) 
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so that u{t,x) < u{t,x) for all t > 0, x G M. almost surely, u is the density of a one-dimensional 
Dawson-Watanabe superprocess with constant mass creation 9 (cf. JWf) and (use the notations 
and f in what follows to indicate the use of a coupling with an appropriate u) 

P^o('r <t)> <t) = ) (2-11) 

(cf. f75l Exercise II. 5.3]). Furthermore, reason as in the proof of (10)] to get for arbitrary 
—oo < a < b < oo and t > 0, 


inf 

uoGCf :supp(no)C[a,6] 


UQ 


{t < t) > C{9,t,a,b) > 0. 


( 2 . 12 ) 


The main result of [B] is that for 6 > 0^ there exists a unique translation-invariant stationary measure 
pL S with /i({/ : / ^ 0}) = 1 that is a stationary distribution for (11.111 . They give sufficient 

conditions for its domain of attraction in [6l (6)]. Note that in [6l (6)] the condition is uniform in x, 
where {Tt : t > 0 } denotes the heat semigroup, and thus does not extend to compact initial conditions 
but includes for instance all positive constant functions. See the paragraph below [6l (4)] for a motivation 
of the proof of this theorem. pL is further characterized by its Laplace functional 

j p.{df) =Fg{T < oo), for 5 eC+. (2.13) 

In what follows we give a second construction of p as the unique weak limit of a sequence (//t)t>o 
for T —oo, where pLT can be thought of as a dominating measure at time T to any solution to (II.ip with 
uq G C-tem (look ahead to Corollary 12.61 for a precise statement of this result). 

Proposition 2.2. Let T > 0 6e fixed and ipN S Cfem such that i]>n{x) t oo as N ^ oo for all a; G M. Then 
^ p,T for N ^ oo in where pLT is uniquely characterized by its Laplace functional 

I < r) , for all g G C+m (2-14) 

with 

= inf|t > 0 : = o| . (2.15) 

Proof. The Kolmogorov tightness criterion for a sequence of laws of valued random variables {Xn)ngn 
is stated in |17l (2) and below]: it is sufficient to show that 

(i) {£((X 7 v,e-l'l))}^^^ is tight, 

(ii) for all A > 0 there exist C < oo,p > 0,7 > 1,^ < A such that for all N G N, 

E[|XAr(3:) — XAr(x')|^] < C\x — for all jx — x'\ < 1. (2.16) 

To check condition (i) first let 

0(x) = > e-l^l (2.17) 

so that (f gC 2, </. > 0. Apply [m Lemma 3.3] in what follows. First observe that (() G $ = {/:]] / 11a< oo 
for some A < 0}, the space of functions with exponential decay, where jj / jjA= sup^, ]/(x)j exp(—Ajxj). 
Moreover, 
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and 


a = 




4^xx (®) 


4>{x 


< 


oo 

:)— ^ 1 


l + x^ 


+ 


(l+x2)3/2 


< 1 < OO, 


(2.19) 


1 

7 ={(p, 1) < (e^“ 2 Hj 1) = 2e / e~^^‘^dx = 4e < oo. 

Jo 


Hence [171 Lemma 3.3] yields for all p > 2, G N that 


E 


Wiv) -M 

Irp , C 


< E 


u, 


(iPn) 
T ! 


and we obtain 


KP 


-E 


.H’n) 

Irp , 


<c{e,p,T) 

,Pi C{6,p,T) K^oo 


< 


KP 


m Lemma 3.4] yields for all 0 > 0,p > 2 and \x — x'\ < 1, 


E 


.Wiv)/ 


{x)-u^^^\x') n < C(0,p,r)|a:-x'|P/2-i. 


( 2 . 20 ) 


0 . ( 2 . 21 ) 


( 2 . 22 ) 


Choose p > 4 to obtain (ii) with C = C{9,p,T),j = p/2 — 1 > 1 and ^ = 0<AforA>0 arbitrary. It 
follows that is tight in 'P(C/i^). 

Finally we show that n^oo investigate the Laplace functional of the 

subsequential limits of Let {Nk)k be a subsequence such that k^o 7’(C)/^). 

We obtain for (p G C/" arbitrary 


/ 


e pT{df) = lim E 
k—^oo 




= lim E 

k^oo 


^-2{lpNf.,U^T^) 


= e((u5?\i) =o) . (2.23) 


Here we used the duality from ()2.ip in the second equality and the definition of together with domi¬ 
nated convergence in the last step. Use the definition of to rewrite the above as 


J < t ) . 


(2.24) 


Uniqueness of the limit pT follows as the Laplace functional uniquely characterizes a measure. 

It remains to show that ()2.24p holds for all (p G Let pn G Cpp,pn t </*• By monotonicity, 

P(t-(</’) < r) < P(r(‘^”-) < T) for all n G N. By the continuity of / >-)■ Pj on limsup^^^o P^^(ut G 
{0}) < P(/,(riT G {0}) = P(t('^) < T) and lim^^oo < F) = P(r(^) < T) follows. Use dominated 

convergence to pass to the limit in the left hand side of p2.24p . □ 

Remark 2.3. Let T > 0 be arbitrarily fixed. By Theorem li.HL = PT+t for all t > 0. Indeed, 

use self-duality to see that the Laplace functionals coincide: for all p G 


E 


flT 




= / E 


^- 2 {ut, 4 >) 


PT{df) = / E^ 




hT{df) = E^ 


= E^[P„,(t < T)] = P^(t < T + t) = J pT+t{df) 




(2.25) 


holds. 
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Proposition 2.4. For T > 0 fixed, {fix+t, t > 0} is tight in In particular, g-x+t F for t —)• oo 

inV{Ctem) where g, satisfies (|2.13l) for all g £ Cfi. 

Proof. We obtain from HZl Lemma 3.4] and Remark 12.31 for all 0 > 0,p > 2, \x — < 1 and t > 0, 

J \f{x) - fix')\^ nx+fidf) = j ¥.}[\ux/ 2 {x) - Ux/ 2 {x')\^] i^t+T/ 2 (.df) < C{e,p,T)\x - (2.26) 

Similar reasoning, using [T71 Lemma 3.3] yields J{{f,e~^'^))Ppx+tidf) < C{0,p,T). Reason as at the 
beginning of the proof of Proposition [22] to obtain (i)~(ii) of the tightness-conditions applied to {^T+t, t > 
0}. It follows that {g,x+t,t > 0} is tight in for T > 0 arbitrarily hxed. The reminder of the proof 

is analogous to the proof of Proposition [22] once we observe that for any p.Xk ^ i' £ 'P{Ctem) with —)• oo 
we have for £ Cfi arbitrary, 

J = ^lim J fiXkidf) Jim < oo^ , (2.27) 

the last by monotone convergence. This concludes the proof. □ 


We obtain in particular the following from the above proofs. 
Remark 2.5. Use self-duality to get for all T > 0 and 


[ e-^^'d'^^pxidf) = Pfr(^) < r) = sup E 

1- 

A 

V 

(M 

1 

QJ 

^ ^ ^ V'6C+^ 



and for all £ Cfi, 


j e-2</’'^);r(d/) = < oo) 


lim 

t—>00 


sup 


E 


e-2<-“T+t.</'> 


(2.28) 


(2.29) 


Corollary 2.6 (Upper measure). Let uq £ and T > 0 be arbitrarily fixed. Then there exists a 

coupling of a solution to (II.ip and a random continuous process (tt^_|_Jf>o with values in such 
that 

xix+tix) < Uxj^fix) for all t > 0,x £M. almost surely (2.30) 

and C{(u x+t)t>o) — 

Proof. Choose a sequence (^7v)AreN as in Proposition [221 such that fii > uq. By reasoning as in (I2.2p - (|2.5p 
one can construct a monotonically increasing sequence of solutions S N to with initial 

conditions uq respectively V^at, W S N on a common probability space. For T > 0 fixed, let =t 

limAT^oo u^^^(x), t > 0,x € M. Then has law P^j, by Proposition 12.21 and Theorem 11.21 □ 

Remark 2.7 (Remark on notation). Let G be a function from dn what follows we often use 

the notations C{u*) andK[G{u^)] in place of pt CLnd f G{f)pt{df) to remind the reader of the dominating 
property of pf 

Remark 2.8 (Left upper measure and right upper measure). 

(i) By analoguous reasoning to the above one can use non-decreasing sequences (n G such that 
Cn{x) t 00 for X < 0 and (Nix) = 0 for x > 0 to prove that for T > 0 arbitrarily fixed there exists 
a left upper measure vx £ ’P(C^^) uniquely characterized by its Laplace functional 

J e"2<^’®^r;T(d/) = lP((l(-oo, 0 )(-), = o) , for g £ (2.31) 

and such that ^ vx in V{C^em)- Moreover, = vx+t- 
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(a) For uq G < 0 and T > 0 arbitrarily fixed, using > uq in the construction, one 

obtains analoguously the existence of a coupling such that 


u^^fix) < uff,^^fix) for all X G M.,t > 0 almost surely, 
where £((u^^|_j)t>o) = holds. Note in particular that such a coupling yields 

i?o(^T+l) — ^oi'^T+t) all t >0 almost surely. 

One can further show that there exists a coupling such that for T > 0 fixed, 

< ufi_^_fix), for all t > 0,x G M. almost surely. 


(2.32) 

(2.33) 

(2.34) 


(in) The construction of a right upper measure kt by means of f^N{x) = C,n{—x) and corresponding 
properties follow analoguously. We will use the notation = Kt in what follows. 

Corollary 2.9. For G and T > 0 arbitrary. 


V.\(v!rM <0 AA' 

(2.35) 

e[W‘,<,) 1 = lim ^ 

-1 A^o+ 2A 

(2.36) 

[{fA)Kdf) < 9 {fi, 1). 

(2.37) 


and 


Proof. Use (12.141) and coupling with a superprocess (see Remark l2.in iii and (|2.11l) to see that 


E[{u*tA)] = {-1/2) 


d 

dX 


E 


A=0+ 


,-2X{u*,4,) 


= (-1/2) 


A 

lx 


A=0+ 




(2.38) 


<T) -1 p(f(A0) < r) - 1 

= (-1/2) lim -1-- < (-1/2) lim —^- 

AtO+ A AtO+ A 


= (-1/2) hm ^^-= (-1/2);^ 

Ato+ A dX 


A=0+ 


-26»A 

e i-e 


ajjv {*, i> 


1 — e 


-dT • 


The second claim follows by analoguous reasoning. For the third claim, let M >0 fixed, fin S Cfi ,n G N 
such that fin t 4>- By Proposition 12.41 and (I2.35p . 

/ {{f An) x M) p.{df) = lim f {{f, fin) X M) pTidf) < lim 9 = 9 {fin, 1). (2.39) 

J T-^oo J T-^oo 1 — e 

Use monotone convergence first for M oo, then for finffilo establish the claim. □ 


3 Blow up of the overall mass and support 

Proposition 3.1. Let 9 > 9c and uq G Then the overall mass process satisfies in the limit 

Pnu ( lim {ut, 1) = oo I r = oo) =1. (3.1) 

\t—>-oo J 

Moreover, if uq G Cfi, 

P„o ( hm {Ro{t) - Lo{t)) = oo I r = oo) = 1. (3.2) 

\t—>-ao J 
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Proof. If the process has infinite mass at all times, the first claim is trivial. Thus, without loss of generality 
let {uq, 1) < oo in what follows (otherwise condition on the first time the process has finite mass). Consider 
Men arbitrary such that < uq,1 >< M. Set Tq = 0 and 


Tm = inf{t > Tm-i + 1 : {ut, 1) < M} , m E N, 
where we set inf0 = oo. Next observe that 


(3.3) 


<t) = PuoiTm < T,Tm < oo) = E, 


'WO 


m—1 


E„o ['^{Tm < T,Tm < oo) \ l{Ti < T,Ti < oo) 


2=1 


(3.4) 

Using the strong Markov property of the process u = and the definition of Ti = we get as a 

further upper bound 


E. 


‘110 


^(“o) I ^1 


,(“o) 


m—1 


< E„o 


, (-0) 1 < 


( {u ) \ f \ \ 

< oo J JJ < oo) 

/ 2=1 

) m—1 

1=1 


(3.5) 


Let Pm = sup E„q( 1 < r), then we obtain by iterating the above 

'Uo:{wo,l)<M 


PuoiTm < T,Tm < oo) < ^mE. 


'WO 


'm—1 


i(ri <T,Ti < 


oo 


2 = 1 


<Pm- 


(3.6) 


To obtain an upper bound on pM we will dominate tt by a superprocess u. Now (12.lip yields 

-26»M \ 


sup Eiio(l < '^) ^ 1 “ exp 


Hence pM < 1 and 


luo 


uo:{uo,l)<M V ^ e ) 


{Tm <t) = Puo{Tm < T.Tm < oo) < pf^ ^ Q ioT m ^ OO 


(3.7) 


(3.8) 


for all uo E satisfying 0 < {uq, 1) < M. By continuity of measures, this finally gives with Tm = 
as above, 

Pu„ (liminf(ut, 1) < oo, T = oo ) = lim P„„ (liminf(ttt, 1) < M, r = oo ) 

V t^oo J M^oo V t^oo J 

< lim P„„ < T Mm E N, r = oo) 

M^oo V / 


< lim lim P 
M^oo m^oo 


< lim lim pff 

M^oo m—^oo 


uo\J^m ' < 'T 


= 0 , 


which proves the first part of the claim. The second part can be shown by similar reasoning, using (I2.12p 
in place of (12.lip . □ 
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4 Estimates on the right wavefront marker 


One of the first results is the almost sure finiteness of the positive part of the right wavefront marker of 
(recall Remark 12.8l f hi 1 for times T > 0. Indeed, the expectation turns out to be linearly bounded in 
time T. 

The strategy to the proof of such a result is as follows. For fixed T > 0, consider (^y/ 2 +t)t> 0 ' 
t = 0, might or might not satisfy Ro{T /2) = shows that with high probability, 

to the right of some large enough ii > 0 it only has finite mass. For the remaining time T/2, kill off 
enough parts to the right of R to regain Ro{T) < oo for this part of the solution. For the part to the left 
of R, use the compact support property. Note that this strategy works for (II.Ih as local patches of high 
mass immediately get “beaten down“ due to the additional drift of —u^. Therefore the speed of the right 
front of the support of a solution over a hxed time-interval is determined rather by the shape of the right 
wavefront than by the overall shape of the solution. 

Remark 4.1 (Notation involving non-continuous initial conditions). In the following three lemmas and 
the subsequent proof of Proposition \4.^ initial conditions to (|l.ll) appear that involve indicator functions 
and thus are not continuous. This notation should be understood as explained below and is only used as 
an abbreviation to facilitate following the main idea of the proofs. 

For V € > 0,4 C M,T : —)• M'*' measurable, denote 

[ n{df) ^ inf [ Ef4F{ut)] v{df). (4.1) 

The proofs should then be executed for appropriate cj) fixed in place o/lu(-)- Only in the conclusion of the 
proofs the infimum over cf S > 1 a is taken to conclude the claims. 

Lemma 4.2. For 9 > 0 and 0 < T < 1, 


E 


1 -^ 0 (^/ 2 )] 


< c{e)TO^. 


(4.2) 


Proof. Recall the notation of Remark 12.81 We hrst bound 
E 

< 2T0^ +11 p 


^ < rV- + J V R„(T/2)\ vrrJdJ) (4.3) 


ri/4 


/(.+ti/ 4)1(_^_(„(.) sup Rq{s) > R \ dRvT/ 2 {df). 


. 0<s<T/2 


Lemma 17.21 from the Appendix yields for R > q > 0 arbitrary, 


P 


/(■+T1/4)1(_^„(.) ( sup Ro(s) > R j < c (0 + (R - g) 2) 


^7’1/4 


y 0<s<T/2 


exp 


{q — X + T^Oy^ 

2r 


Abbreviate 


then by (I2.36p . 


$[-^’‘'’^]((r) = l(_oo,Ti/4](x) 


exp 


{q — X + T^/'^y 


2T 


f{x)dx. 

(4.4) 

(4.5) 


E 


E^*, ^ [OVRo(r/2)] 


< 


/•CO 

2T0^+C / ie+{R- q)-^) lim 

Jt^/4 ^ ’ A^-0+ 


{ut/2\x<0 ^ O ) 


2A 


dR. 


(4.6) 
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By the crude bounds IP^[h, 5 .t] {ut/ 2 \x<o ^ O) < P$[fl. 9 ,T](T > r/2), 1 - e < X for a: > 0 and (|2.11|), 


E 


E *,i , do V i?o(^/2)] 

V/2l(_oc.Tl/4j(-)^ 


< 


2^1/4 ^ ^ {e + {R- g)-2) (4.7) 


Choose q = R/2 and recall that 0 < T < 1 to get, using 1 — exp(—x) > C{c)x for 0 < x < c, 


E 


1 ,AOVRo{T/2)] 


< 


poo p 

2T^/^+ C{e){l + T-^/^)T-^ / / 

Jt^/4, J_ 


' ' e 2 t dxdR 


(4.8) 


< 2ri/^ + c(0)(i + r-i/2^r-ir^/2 f 

Jt^/^ 

< 2T^/^ + C(0)(l + r-^/2) e 32 t1/2 ^ 

which concludes the proof. 

Lemma 4.3. For 6>0,0<T<1,R>0 and n G N arbitrary, 


E 


^7/2 ^(^-^,(Tl+l)i?] 

Proof. Domination by a superprocess and (12.lip yield 


,h(- > r/2) 


((n-l/2)H)^ 


< C{d)T-^/'^ {9 + {R/2)-^) e -4t 


E 


P *,i , 

^T/2 ■^(7^K,(r^+l)i?]l 


^(.)(r > r/2) < C(0)T-iE[(zr;(;2l(„^,(„+i)^](-),l> 

To further bound the right hand side, use (I2.36P and Lemma 17.21 to obtain 

^Al(_^,0)(')(“T/2l(nii,oo) ^ 0) 


E 


('^r/2’ (■)) 


= lim 
A->-0+ 


2A 


□ 


(4.9) 


(4.10) 


(4.11) 




dx 


<C{d + {nR- g)-2) / g^p | 

J —CO 

< C{9) {9 + (ni? - g)-2) 

with 5 = q{n, R),nR > q > 0 arbitrarily fixed. The choice q = [n — l/2)ii gives the claim. 
Lemma 4.4. For 0>O, 0<T<l,i?>0 and n G N arbitrary, 


E 


E 


*,i .. . d(0 V iio(d^/2))^ 


< 4((n + 1)7?)^ + C{9)T-^/‘^e-""^ 


((r.+ l)fl)2 


□ 


(4.12) 


Proof. To get a first upper bound, apply Lemmato / G with Ro{f) < (ra + 1)77, to obtain 


E, 


sup (OV7?o(s))^ 
o<s<r/2 


< 


r 

((n + 1)77 + + / 

J 


< {{n + l)R + Qf + C{9) 


' {n-\-l)R-\-Q 


(n+l)i?+Q 

77 (6» + (77 - q)-^ 


2RFf 

exp 


(^Ro{T/2) > 77) 477 
(g — x)^ 


(4.13) 


2T 


f{x)dxdR 


with Q > 0 and q = q{R),R > g > (n + 1)77 arbitrary. Integration against VT/ 2 {df) yields as an upper 
bound to the right hand side in (14.1211 . 

{{n + l)R + Qf+ C{9) r R(9 + {R-q)-^)¥\{^^^^^'^^^\u*f\^)\dR (4.14) 

J (n+l)i?+Q 
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with 




exp 


{q-xf 

2T 


Dominate u*’^ by u* and then apply ()2.35l) to get as a further upper bound 


((n + 1)R + Q)^ + C{e)T-^ / R(e + {R- g)"^ ) 

J{n+l)R+Q ^ ^ 

With the substitutions R+ {n + 1)R = R, q + {n + 1)R = q and x = {n + 1)R + x this reads 

roo 

((n + 1)R + Qf + C(0)r-i / (R + (n + 1)R) (0 + (R - q)-^) I'^^IR 

JQ 


(4.15) 


(4.16) 


(4.17) 


for R > q > 0. Choose Q = {n + 1)R and q = R/2 to conclude that this in turn can be bounded from 
above by (recall that we assume 0 < T < 1) 


r°° - - rO 

4{{n + l)R)^+ C{e)T-^ / R{9 + {R/2)-^)e-TW / , 

J (n+1)/? J—R 


(R/ 2 -x)'^ 


4 T dxdR 


(4.18) 


< 4((„+ m? . c,.)r-/v“=s^ Q,, A 


Vt 


dR 


< 4((n + l)Rf + C( 0 )r-i/ 2 g-32^^ 

which completes the claim. 

Proposition 4.5. For 6 > 0 and 0 < T < 1, 


E 




□ 


(4.19) 


Proof. Let R = Apply the monotonicity property from Remark I2.1f il to the following countable 

sum of initial conditions to get 


E 


0 V Ro ( 


= E 

< E 


E [OVRo(r/2)] 


-‘T /2 


(4.20) 


E 


’^T/2 ^( —°o.-R] 


,.,[OVi;o(T/ 2 )| 


+ ^E 

n>l 


.JOVRo(r/ 2 )] 


E..*,i 

T/2-“-(nii,(n+l)ii] 


The first term can be bounded by C{9)T^^^ by Lemma 14.21 To bound the summands of the second 
term, apply Cauchy-Schwarz’ inequality twice: For fixed n G N and with the abbreviation / = /(cu) = 
• l(nij,(n+i)ij](-) we have 

E[E/[0 V Ro(T/2)]] = E[E/ [(0 V Ro{T/2 ))1 ^,^t/2 }]] < E [(% [(0 V Ro{T/2)f] P/(r > r/ 2 )) (4.21) 
< (E[E/[(0 V Ro(T/ 2))2]] E[P/(r > T/2)]Y^^ . 

To bound the first factor use Lemma 14.41 to bound the second factor use Lemma 14.31 Collecting 
terms, we obtain 


E 


0 V Ro f 


(4.22) 


21 2 \ 1/2 

< C{9)R/^ + i C{9)T-^/^ {9 + {R/2)-‘^) ' 


n>l 
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Recall the choice R = to conclude 


E 


0 V -Ro ( u*T 




< C(0)Ti/^ + C(0)e ^^(n + l)2e leVr < C{Q)T^I^ 


n>l 


as claimed. 

Lemma 4.6. For all 9 > 0,T > 1, 


(4.23) 

□ 


E 


0 V Ro ( 


< c{e)T. 


(4.24) 


Proof. We first note that for all n € N, E 0 V Ro{un^) < oo. Indeed, use induction: The claim follows 
for n = 1 directly from Proposition 14.51 Suppose the claim holds for n fixed. Remark I2.8n if yields a 
coupling such that (• + Ro{un)) < v holds a.s. with C{v) ~ ui. As a result, 


E 


0 V Ro«ii) 


< E 

< E 


OVRo«’') 


+ E 


OVRo(^^S“"'^(- + i?o«’')) 


(4.25) 


OVRo(u*’^) + E[0 V iio('f^)] < OO- 


Use Remark 12.81 111 and Proposition 14.51 again (let Ro{t) — Ro{s) = 0 for 0 < s < f and tt(s) = 0, then 
the well-definiteness of the differences in wave-markers follows by the above) to obtain 


E 


0 V Ro ( 


< E 


0 V Ro 


(4.26) 


LTJ-l 

+ ^ e[e^*,[OV(Ro(1)-Ro(0))] 

n=l 


-hE 


E *, [OV(Ro(T-Lrj)-Ro(0))] 




< 


LTJe[ovRo(ui’') 


-hE 


0 V Rn ( u, 


*1 


0 I i^'pj 


<(LTJ+1)C(0) 


and the claim follows for all T > 1 after an appropriate change of constant. 


□ 


Corollary 4.7. For all 9 > 0 and mq S Ro{uo) < 0 there exists C{9) < oo independent of uo 

such that 

E„o[o vRo(r)] < c(0) ( 4 . 27 ) 

for all T > 0. 

Proof The claim follows by Proposition 14.51 Lemma 14.61 and monotonicity. □ 

Recall the definition of Ro(/) = inf{x G M : f{x) > 0}. 

Lemma 4.8. Suppose 9 > 0 and go G C+\{0} arbitrarily fixed. There exists C{9) < oo independent of go 
such that for all T > 0, 


E,J|Ro(r)|l|,>r}] < |Ro(5o)| + \Lo{go)\+C{9) 


(4.28) 


holds. 

Proof. Corollary 14.71 yields 

Ego[OV Ro(T)] < |Ro(fl'o)l +IEgp[0V (Ro(T) — Ro(0))] (4.29) 

= |Ro(5o)| +E,3(.+^„(o))[ 0 VRo(T)] < \Roigo)\+Ci9) (tyT'/") . 
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Further consider vt{x) = ut{—x) for all t > 0, where n is a solution to O) starting in qq. As go has 
compact support, vq G and n is a solution to (ini) starting in vq- Note in particular that 

Ro{vt) = —Lo{ut) on {T < r} (4.30) 

andE„JOVi2o(r)] < \Ro{vo)\ + C{9)(T V Then 

Ego[l-^o(2^)|l{r>T}] =lEgo[OV i?o(7')] + [—(0 A i?o (?")) l{r>r}] (4-31) 

< Egp[0 V Ro{T)] + Egp[—(0 A Lo{T))l^^yrpj] = Eg(j[0 V Ro{T)] + E^(j[0 V i?o(7")] 

and the claim follows. □ 


For the remainder of the article assnme 9 > 9c, unless otherwise indicated. 


We now prove a result in the spirit of m Lemma 3.6]. Recall the dehnition of Pi/j, with l^t = i^T(fi'o) 
from 111 .lip . 


Lemma 4.9. If 9 > 9c,t > 0 and go G C^\{0}, then there exists C{go,9,t) such that for all a > 0,0 < 
s < t and T > 1, 

In particular, for 0 < t < 1, 


Pj.j,(|Ro(s)| >a)< 


C{go,9)t^/^ 


(4.32) 

(4.33) 


holds. 


Proof. The claim is obvious for s = 0. We bound first for s > 0, a > 0, 


Pj.y(Ro(s) > a) = 


1 


(r = oo)T 


■ go 


'0 


®'9'0 [4{T=CXD}lPjij.(.+iJo(^)) — ®)] 


(4.34) 


< 


1 


E, 


go 


1{t=oo}IP’( ^o( ■Us’M > 


Pgoir = oo)T Jo 
Using Proposition 14.51 and Lemma 14.61 this yields for all s > 0, 




ds = P ( i?n ( W’M > a ) . 


Pi/j,(i?o('S) > o) < —E 0 V Ro(^u*g’''^ 


< 


C{9) (s V s^!^) 


(4.35) 


To prove the second half of the lemma, we follow the reasoning of the proof of 13 Lemma 3.6]. First 
observe that (by Lemma 14.81 above the integrands are well-defined and Fubini’s theorem can be applied) 


Ej,j,[Ro('S)] = 


- go 


(t = oo)T Jo 


1 


^goir = oo)T Jo 

1 


®'9'0 [4{r=cxD}®'Ur(--|-iJo('')) 

Ego [l{r=oo}(-Ro(?’ + S)- -Ro(?’))] dr 


(4.36) 


^T+s 


E 


'go 


[l{r=oo}-Ro(?')] EgJl{^=^|Ro(?’)] dr'^ . 


Use 


^goir = oo)T \Jt 

Ei.j,[Ro('S)] < Ei.j,[0 V i?o('S)] - aP,yy(iio(s) < -a) 


(4.37) 
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and rearrange terms to conclude 


• V’Y 


(-Ro(s)) < -a) 


(4.38) 


— V-^0(5)] p / , ( / IE^q 

a[ Pgo(T = oo)r V 7 r 


rT+s 


[l{r=^}Ro{r)] dr - [ Egjl|^=oo}^o(?’)] dr 
Jo 


For the second and third term on the right hand side, Lemma 14.81 yields 


rT+s 


T+s 


E, 


90 


[l{r=oo}-Ro(?’)] dr < C{go, 9) (^1 + (^r V r^/^^ ^ dr 


respectively 


J Egg[l{^=^}Ro{r)]dr <C{go,B) J (l + (r W dr. 

For the first term reason as in (|4.35l) to see that 

E^,^[0 V Ro{s)] < E[0 V < C{9) (^s V 

Collecting terms we get for T > 1, 

Pi,j,(i?o('S) < -a) 

< “ |^(d) V + C{gQ, 9)—s ^1 + ^(T + s) V (T + + C'(5o, d)—s V s 


(4.39) 

(4.40) 


(4.41) 


1/4 


< 


— |c(0) V + C{gQ, d)s(l + s) + C{go, 9)s V 


and the claim follows. 


□ 


5 Construction of travelling wave solutions arising from initial con¬ 
ditions with compact support: Proof of Theorem 11.61 and Proposi¬ 
tion 11.71 

We are now in a position to prove the analogue of m Lemma 3.7]. 

Lemma 5.1. If 6 > 9c and go G C^\{0} then the sequence {ut ■ T G N} from Definitional^ is tight. 

Proof. The proof is similar to the proof of nil Lemma 3.7], except for the changes detailed below. To 
not confuse the reader in what follows, we note two small misprints in m that are without influence 
on the rest of the proof. Namely, in the second and third line of the system of equations in the proof 
of Lemma 3.7, it should read U{t,- + Ri{t)) respectively U{t,- + Ri{t — 1)) instead of U{t,- — Ri{t)) 
respectively U{t,- — Ri{t — 1)). To adapt the proof to our setting, change all the wavefront markers from 
Ri to Rq, initial conditions from /o to go, condition on the event {r = oo} and proceed analogously to 
[T7] until one obtains terms I and II. To bound term II, use that Pi/j,(ji?o(l)| > o) < C{go,9)/a by 
Lemma [4.91 Term I can be bounded as in m- Note that m uses the definition of the wavefront marker 
iii to show that ^'t({/ : {f,4>i) < 1) = 1- As we use Ro instead, we proceed differently. 

Indeed, reason as above to conclude for N G N and a, 5 > 0 arbitrary, 

M{f ■■ if> m) <KA\Md)\ > a) + 6/T (5.1) 

+ = oo))"^T-^ f Pgo(P„^_,(.+i^,(,_ 5 ))((u 5 ,(^i) > iVe"“)) ds. 

J 5 

Choose 6 small enough, then a big enough to see that the first two terms can be made arbitrarily small, 
uniformly in T G N. For the last term choose N big enough and reason as in ()2.17p - (l2.2ip . □ 
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To prove the analogue of m Theorem 3.8], that is Theorem 11.61 we first need to prove a statement 
along the lines of [T71 (27)“(30)]. The first property and the second part of the third property (< oo) 
follow directly from the definition of Rq. The remaining properties are replaced by the statements in 
Proposition 11.71 Before proving this proposition, we prove the following first. 

Lemma 5.2. Let 9 > 6c and go G C(^\{0}. Let t>0 and a, m > 0, 0 < 6 < 1 be arbitrarily fixed. Then 
((“*(• + Ro{ut)), l(- 2 a,oo)(-)) < rn) (5-2) 

for all T G N. 

Proof. We have by Remark 11.51 

< ~a) > , , /_ _ „'i f P 90 [l{T=oo}Pjis+t(-+fio(«+d)^ “®)] (^-3) 

[I + — 00) Jo 

Monotonicity at time s + t yields (recall the notation with non-continuous initial conditions from Nota¬ 
tion |4T]) 


VO 


'T + tC{go,e)by^ 


+ 


o£i rn ' 

1 _ 


^T+ti^oib) < -a) 

1 


(5.4) 


> 


E 


'go 


(T -Ft)Pgo(r = 00 ) Jo 
X Pi(_oo,-2a](-K+t(-+fio(^+t)) (^o(&) < -a) 

The first probability in the product can be bounded below by 


l{r=oo}Pl(_ 2 ,.^)(.K+d'+^io(^+t)) ((^ 0 , 1 ) <m,T<b) 
ds. 


\- 2 a,oo){-)Us + t{-+Rois+t)){{'>^0, 1 ) <m,T<b) 


-29- 


^ '^\- 2 a,^){-)us+t{-+Ro{s+t)){{uo, 1) <m)-[l-e 1 - 

where we used (I2.11|) in the last line. For the second probability in the product in (15.4p we have 

^i(-...- 2 a]{-)us+t{-+Ro{s+t)){Ro{b) < -a) > p(Ro(^^ 6’^) < a) > V 0 

by Markov’s inequality and Proposition 14.51 We obtain 
^UT+ti^oib) < -a) 


> 


(T -Ft)Pgo(T = 00 ) 


E 


go 


■ 90\ 
-29- 


l{T=Oo}Pl(_2a,oo)(-)“s + t(-+-Ro(^*+0) (('“O’ 


d.s 


1 — e 1 - 




(T -Ft)Pgo(T = 00) Jo 

T {((^ c{e)b^/^\ 


®'9'0 [^{t=oo}] 


1 - 


) 


T -(- t 1 \ \ a 

Use Lemma 14.91 and rearrange terms to see that 


V 0 ) Pi.j,((ut(- Ro{ut)), l(-2a,oo)(-)) < rn) - (1 - e 


p-Ob 




((«*(• -bRo(rrt)), l(_ 2 a, 00 ) (•)) < rn) 


T + t 




^ Cigo,9)b^/^ ^ T 


T -^t 


rn 

1 _ e“ 


which concludes the proof. 


(5.5) 


(5.6) 

(5.7) 


(5.8) 


□ 
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We now have all the ingredients together to prove Proposition 11.71 Recall that by Lemma l5.ll there 
exists a subsequence converging to some v G 

Proof of Proposition [13 By definition of ut and Ro{t) = Ro{ut) we have vrUf '■ Ro{f) = 0}) = 1 for all 
r > 1. As the set {/ G : i?o(/) < 0} is closed, 

^{{f ■ Roif) > 0}) < lim UT^iif : Ro{f) > 0}) = 0 (5.9) 

n—>-cx) 

follows. 

Next let t > 0 be arbitrarily fixed. Let m > 0 small and A > 0 big. We obtain with (pi{x) = exp(—|x|) 
and as ^ ^ yields ^ by Theorem 11.21 

Fiy{ut = 0) < Fiy{{ut,(pi) < < liminfPj, i(ut.,ct>i) < (5.10) 

- {JF’i^T„(l-^o(i)| > A) + F^^^{{uti- + Roit)), 1(_A,0)(-)) < rn, |Ro(i)l < ^)} • 

The first summand can be bounded by Lemma 14.91 and we get as a result 

P^(ut = 0) < + liminf + Ro{t)), l(_^,o)(-)) < "i) • (5-11) 

Choose b = 1, m small enough and A big enough in Lemma (5. 2 1 to see that the second summand becomes 
arbitrarily small. By further increasing A the first summand becomes arbitrarily small, too. This proves 
the second half of the proposition. Moreover, n{{f : —oo < Ro{f) < 0}) = 1 follows. 

Consider the case t = 0. Let a > 0 arbitrarily small and M, A > 0 big. Let 4>a,\{x) = exp(—A|a; + aj), 
then 

P,,(iio(0) < -a) < Pi.((uo,(/>a,i) > M) +P,,(^(no,</>o,A) < . (5.12) 

The first term can be bounded using Corollary 12.61 and reasoning as in (r2.39p by 

F^{{uo,4>a,l) > M) < M~^e{4>a,1,1)- (5-13) 

This yields 

F^{Ro{0) < -a) < — +lminfPi.j,^ (^(uq, l(-a/ 2 ,o)(-)> < . (5.14) 

Choose M big enough to make the first term small. Set m = exp(—Aa/2)M. Note that for o, M fixed, 
m can be made arbitrarily small by choosing A arbitrarily big. To make the second summand arbitrarily 
small, apply Lemma [5. 2 1 bv first choosing b small enough such that b^^^ ja is small and afterwards choosing 
m small enough. Hence, for all a > 0, ^{{f ; Ro{f) < —a}) = Pi/(Ro(0) < “®) = 0 aiid the remaining 
claim follows. □ 

Proof of Theorem, If.hi We first introduce a set of approximating wavefront-markers tailored to i?o(/)- 
Note that Ro{f) is not continuous on In what follows let m > 0 and G N be arbitrarily fixed. 

For / G set 

R^'^if) = I?™’^(/l[-Ar,W]) = sup{x G [-N, iV] : f{x) > 0 and (/, l(x < • < N)) > m} (5.15) 

with the convention that sup0 = —N in the above. We note that m e-)■ K^’^{f) G [—A^, A^] for all 
/ G and 

Rm,N^f^ t ^o(/l[-iv,w]) V i-N) =: R^’^if) as m I 0+. (5.16) 

Let <1> G be a fixed smooth function supported on (—1,0) such that f ^{x)dx = 1, use * to denote 
convolution of functions and set = {^/ixio)^{x/mQ) for mo > 0 fixed. Finally set 

/•mo 

R^^if) = ($^„ * R-’^{f))i0) = / <h^o(-m)R-’^(/)dm. (5.17) 

Jo 
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This wavefront marker is continuous on and takes values in [—N, N]. By O Theorem 8.15], —)• 

for mo I O"''. By definition of and we further have {f) < R^oif) ^ R^’^if) for 

all m > mo- 

In what follows let t > 0,e > 0 be arbitrarily fixed. By Lemma 14.91 and Proposition 11.71 there exists 
Ai = Ai(t, e) G N big enough such that 

supP,^(i?o(«t) ^ R^'^iut)) +P.(i?oK) / R^'^iut)) < e. (5.18) 

TeN 

By Lemma[5]2l Proposition 1 1. 71 and the definition of R^^ (/), for all d > 0 there exists mo = mo(t, e, N, d) > 
0 small enough such that 

supP,^(0 < R^’^iut) - R^Aut) < <5) +P.(0 < - R^Aut) < 5) < e. (5.19) 

TeN 

Let be a subsequence that converges to v. Then Theorem 11.21 yields Pj/^^ ^ Hence, there exists 
a compact set K = K{t,e) C C^rn enough such that 

supF^^^{ut ^ K)+F^{ut ^ K) < e. (5.20) 

nSN 


Let F : —)• M be an arbitrarily hxed bounded and continuous function. By the characterization of 

compact subsets of (see for instance the introduction of [H]), there exists <5 = 6 {K,F,N) > 0 small 
enough such that 

sup sup sup |F(/(-+ 6)) - F(/(-+ 6 + a))| < e. (5-21) 

0<\a\<5 0<\b\<N feK 

To complete the proof, let t > 0, e > 0 and F : —)• M bounded and continuous be arbitrarily hxed. 

Choose G N big enough such that (I5.18P holds and compact K C big enough such that (I5.20p 
holds. Then choose 5 > 0 small enough such that (I5.2ip holds and subsequently mo small enough such 
that (j5.19p holds. From (I5.18h " (j5.21h we conclude that 

supE,.j.„ [|-^(rrt(- + Ro{ut))) - F{uA- + i?mo(ut)))|] (5.22) 

nSN 

+ E, [|F(ut(- + Ro{ut))) - F{ut{- + RZo{ut)))\] < 3e II F |U +e = e(F) 
holds. By the continuity of rve further have for all t > 0 hxed, 

|E,,^ [F{ut{- - R^,,{ut)))\ - MF{uA- - R^MM H 0 forn ^ oo. (5.23) 

Together with (I5.22p this yields 


\FAF{uA- + Ro{ut)))]-u{F)\ 

< e{F) + \E,[FiuA-+ R^,{ut)))] - HR)\ 


= e{F) + lim E,,^ [F(u,(. + R^MM " 


< 2e(F) + 
= 26(F) + 
= 26(F) + 


lim [F(ui(- + Fo(ut)))] - i/(F) 

n—>cx) ^ 

rTn 

lim (Pgo('r = oo)r„)“^ / E^^ [l{^=^yF{us+t{- + Ro{us+t)))] ds - v{F) 

n^QO Jq 

rTn 

lim (Pgo(T = oo)r„)"^ / Ego [l{^=oo}^(^6(- + Ro{us)))] ds - u{F) 

n^oo Jq 


= 26(F), 


(5.24) 


where in the second inequality we used that both limits exist. Take 6 —0+ to see that under the one¬ 
dimensional marginals of {ut{' F Ro{ut))')^-^o bave law v. It is straightforward to check that the process is 
also Markov. The process is therefore stationary in time and with Proposition 1 1. 71 the claim follows. □ 
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6 Recurrence 

Proof of Theorem \1.9l Let be as in Definition 11.41 and uxt, a subsequence that converges to v for 

k ^ oo as given by Lemma EH For M > 0,(j)Q & Cf let 

Am, 4,0 ^ {<f> £ : 3|x| < M such that (p > (/)o(- — x)} C (6-1) 

By tightness of and Proposition [L71 for all e > 0 there exist M > 0 big, po € C(b\{0} small and 

/cq G hJ big enough such that 

i'Tk{AM,4>o) > 1 - e, yk>kQ. (6.2) 

The definition of , Fubini-Tonelli’s theorem and the analogue for the travelling wave to the left of the 
support yield by means of a proof by contradiction, that M > 0, pQ £ C^\{0} can be further chosen such 
that 


Pgo(Vre £N3t>n: ut{- + Ro{t)) £ Am, 4,0 and ut{- + Lo{t)) £ Am, 4 >o | t = 00 ) > 1 - 2e. (6.3) 

Before we continue with the proof of Theorem 11.91 we establish the following result first. 

Lemma 6.1. Let 9 > 9c and V’o £ Cf', then 

Pgp(Vn G N > n : ut+i(- + Ro{t)) > po and ut+i{- + Lo{t)) > 'po \ t = 00 ) = 1. (6.4) 

Proof of Lemma [6A[ First observe that for M > 0, po £ C^\{0} arbitrary, there exists <5 = 5{M, Pq,Pq) > 
0 such that 

> V'o) > 25. (6.5) 

The idea of the proof of (16.4p is a geometric series type of argument. To this goal, set tq = 0 and 

Tn = Tn{M, po) = inf {utP + Ro(t)) £ Am, 4 ,o and «*(• + Lo{t)) £ Am, 4 ,o}, n G N (6.6) 


with the convention that Tn = —00 if r^-i = —00 or if the infimum is taken over an empty set. Let e > 0 
be arbitrarily fixed. By ()6.3p . we can choose M > 0,po £ C+\{0} such that 

Pp„( lim T„ = 00 I r = 00 ) > 1 — 2e. (6.7) 

^ n^oo 

Let D > 0 be arbitrary, to be chosen later on. By Proposition 13.11 and the compact support property, 
there exists Iq £ ^ big enough such that 

Pgo({ lim Tn = 00 } n {i?o(Ti) - Lo(rj) > D, Vi > Iq} | t = 00 ) > 1 - 3e. (6.8) 


Next fix iV, / G N arbitrary with I > Iq. Condition on R-tj+k 


go 


< 


( n ( {'bi > - 00 } C {Ro{rn) - Lo(rn) > D} 


(6.9) 


C {nr,,+l(- + Ro{rn)) A Ur„+i(- + Lo(rn)) > poY 


T = 00 


^ Tg 

— P 90 (r=oo) 90 

X 1 


{t/+i> 00} {Ro('r/+i) Lo{tj+i)>D} |nTj-^j+i(-+Ro(ri-+i))AwT^_|_j^+i(-+Lo(r/+i))>'i/'o} 


C X • • • 


{r,+x-i>-oo} {Ro{ri+K-i)-Lo{Tj+K-i)>D} |n,^_^^_^+i(.+iio(r,+x-i))A«,^_^^_^+l(-+Lo(r/+K-l))>bo}' 


^ ^{ti+k>-oo}^{Ro{ti+k)-Lo{ti+k)>D}^. 


'90 


{“^/+x+l(-+-Ro('r7+x))AnTj+j^+l(-+io(T/+K))>bo} ' 
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Reason as in m Lemma 2.1.7] to see that for H G M, D > i2o(</’o)~-ho(</>o), there exists a coupling such 
that ^ui<Po{--D))^y^{<f>o+<j)o{--D)) solutions to (jl.ip . starting in 4>q, <Pq{- — D) respectively 4)Q+(f)Q{- — D) 
such that y(9^o(--^)) are independent and 

for t < infjs > 0 : } . (6.10) 

By the compact support property and (16.51) it follows that there exists D = D{M,(j)Q,il>Q,6) > 0 big 
enough such that 


inf inf 
D'>D 




> 


( 6 . 11 ) 


By monotonicity in the initial condition we obtain, for / G N big enough, as an upper bound to the last 
term of the right hand side of (16.91) , 


1 {r/+x >-oo} 1 {i?o (T/+ic l-i'O (r/+if )> i5} lEgo 

<1-52. 


1 r 


'•r/+K+i('+-^oRr+x))AnTj-+j^+i(-+i'o(T/+_K'))>'i/’o} 




Xl+K 


( 6 . 12 ) 


q_^2\K 

Iteration of the argument results in the upper bound , J —^ to (16.9p . 

_ -^50 W — 

By (16.8p and this upper bound, we finally have for 7L G N arbitrarily fixed, 

e N > n : ut+i{- + Ro{t)) > V'o and ut+i{- + Lo{t)) > 'ijjoY | r = 00 ) (6.13) 

< 3e + ^li^ Pgo Pi (^{Tn > -00} n {Ro{Tn) - Lo{Tn) > D} 

ne{I+l,...,I+K} 

n {wr,,+l(- + Ro{rn)) A Ur^+i{- + Lo{Tn)) > V’o}'') | T = OO^ 

<3e + (l-,5d'^/Pgo(^ = oo). 

Choose iL —)■ 00 and let e | O"'' to conclude the claim. □ 

Continuation of the proof of Theorem 1 1. .91 Let ifo G C^\{0} arbitrary. Set tq = 0 and 

= fY’°^ = inf {rtt+i(- + Ro{t)) > -00 and ut+i{- + Lo(t)) > V’o}, n G N (6.14) 

t>Tn-l+l 

with the convention that fn = —00 if fn-i = —00 or if the infimum is taken over an empty set. We 
remark at this point already that fn is not a stopping time itself but that 7^ + 1 is. By Proposition 13.11 
and Lemma l6.11 


Pgo( lim [Ro{fn) V (-Lo(fn))] = 00 I T = 00 ) > Pg(,( lim f„ = 00 | r = 00 ) = 1 (6.15) 

\n^oo / n —^00 

follows, where we set Ro{—oo) = —Lq{—oo) = —00 and note that fn+i — fn > 1 as long as —00 < fn+i. 
We complete the proof with the help of the following lemma. Its proof follows below. 

Lemma 6.2. Let 9 > 6c- For arbitrary e > 0 there exists ipo = V'o(e) £ Cc -^ 0 (^ 0 ) = 0 such that 

for B{K) = {3t > 0 : Roit) > K} we have P^p(R(iL)‘^ | r = 00 ) < 16e, V if > 0. (6.16) 

We only prove recurrence, that is property (I1.12p . in case B = (—1,1). The proof for general open 
R C M is analoguous. Let go G CA\{0} and T > 0 be arbitrarily fixed. Recall that solutions to dEU) take 
values in C([0, oo),Cj]]^). We show in what follows that 

Pgo ( 3 ^ — ^ • supp(tt(t, •)) n (—1,1) 7 ^ 0 I T = 00 ) > 1 — 16e for all e > 0. (6-17) 
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Let e > 0 be arbitrarily fixed and ijjQ = V'o(£) as in Lemma 16.21 By (16.151) . conditional on the event 
{r = oo}, with probability one, there exists (a random) n G N such that fn = f^°'^ > T. Assume without 
loss of generality that Lo(fn) = Lq{u^^°^) < Lo(V'o) (recall that i?o(V'o) = 0). The other case follows by 

similar reasoning. By definition of fn, h{x) = + Lo(fn)) > ipo{x). We can therefore construct a 

coupling of solutions to (|l.ip satisfying 

+ Lo{fn)) = ui^\x) > u['^°\x) (6.18) 

for all t > 0, X G M almost surely. From Lemma 16.21 it follows that conditional on the event = oo}, 

there exists (a random) to > 0 such that i?o(44^) ^ —Lo{fn) with probability at least 1 — 16e. Thus, 
by the coupling in (I6.18p . there exists (a random) s > 0 with r„ + 1 < s < f„ + 1 + to such that 
supp(4^°^) n (-1,1) /0. 

In case dies out after a time-period of length we restart the argument at a time 4?°^ > 

fn°^ + > n. Another geometric series type of argument concludes the claim. □ 


Proof of Lemma \6. 21 For e > 0 arbitrarily fixed, we will prove the existence of fjo G Cf', symmetric around 
zero, such that (j6.16p holds for all K > i2o(V’o)- The claim then follows by the translation invariance of 
solutions to ([HI). 

Consider arbitrary qq = ipo, for now independent of e (only at the end we shall choose ^po = ifoie)) 
but symmetric around zero. Set 


A = = < limsupi?o('r4°^) < oo 


n—^oo 

As go = fjQ is an initial condition that is symmetric around zero, we obtain by (I6.15|) and symmetry, 
I "T = oo) = limsupiio(^n) = oo r = oo ) = P.^^, (limsup(-Lo(fn)) = oo 

\ n—>OD / \ n^oo 


(6.19) 


T = oo 1 > i. 

( 6 . 20 ) 

To establish (j6.16p . first observe that there exist Mq = Mo(e, ifo) > 0 and A^o = A^o(e, i^o, Afo) £ N big 
enough such that with 


A' = A'(lfo) = i sup Ro(Tn) < Mq \ 

(^l<n<A^0 J 

we have (for two sets A, B denote symmetric difference by AAB = (A n B^) U (A'^ n B)) 

P,^p (AAA' I r = oo) < e. 


( 6 . 21 ) 


( 6 . 22 ) 


Choose Ml = Mi{e,'ijjo, Mq, Nq, Lq{iI>q)) big enough such that 


sup \Ro{fn)\ < Ml 
\ l'^n<No 



>l-e. 


(6.23) 


Indeed, apply ()6.15p with go = ifo and Lemma ITHl Note that for all AT G M, B{KY C A('0o) holds. 
Together with (I6.22p this yields 

P,pYB{KY I r = oo) < P,pYB{KY n A' | r = oo) + e. (6.24) 


By doai), 


P^YB{KY n A' I T = oo) < e + ¥,pYB{KY n A' n {|Ao(f7Vo)| < Mill r = oo). (6.25) 
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Condition on (recall that + 1 is a stopping time) to obtain with the help of (I6.15p . 


^^,{B{Kyr^A!r^{\Ro{fN,)\ <Mi} I r = oo) = 


E, 


bo 


E, 


bo 


lB(i^)'=nA'n{|iJo(fjvo)|<Mi}l{r=oo} I -^fjvo+1 


P^o(r = oo) 


(6.26) 


E, 


< 


bo 




Pv,o(t = oo) 

By definition of fn, ttf^^+i(- + i?o('^Afo)) ^ V’o on {fATQ > —oo}. Monotonicity therefore yields 


^^yB{KY n n {|iio(TiVo)| < Mill T = oo) < 
and we conclude 


E. 


bo 


lA'n{|iJoCiVn)l<Mi} 


f>^yB{K + MiY) 


= oo) 


(6.27) 


W‘^yB[KY I r = oo) < 2 e + P^o(M')P^o(5(ib + MiY | r = oo) + < oo)/P^o(r = oo). (6.28) 

Recall that B[K + nMiY C A{Yq) for n € N arbitrary. Iterate the above argument to finally obtain 

F^^{B{KY I T = oo) <2e + P^o(t < oo)/P. 0 o(r = oo) (6.29) 

+ P^„(7l'){2e + P^o(r < oo)/P^o(r = oo) 

+ P.0o(2l')[2e + P^o(t < oo)/P.0o(r = oo) H- 

+ P^„(7l')P^o(^(^ + ^^i)" I ^ = oo) •••]} 

n—1 

< (2e+ P^„(r < oo)/P^„(t = oo)) j;(Pv,o(7l'))" + (Pbo(^'))”- 

k=0 

Using (I6.20p and p6.22p . conclude that 

Pbo( 2 l') < Pbo(^^ I = oo)Pbo('^ = oo) +Pbo('r < oo) (6-30) 

< {F^YA I t = oo) +P^o(AAM' I r = oo)) P^o(r = oo) +Pv;o('r < oo) 

< (i + e) P^o(r = oo) +Pv,o(t < oo). 

Finally choose Yq = Yo{e) such that P^o(t < oo) < e. For e small, this yields P^g(^') < 3/4 and 

F^YB{KY I T = oo) < 16e (6.31) 

follows for e small enough. This completes the proof. □ 

7 Appendix 

To clarify the comment at the end of m Lemma 2.1], observe the following: 

Remark 7.1. Let u be a solution to a started at uq G Cfem- Suppose for some R > 0 that uq is 
supported outside {R — 2, oo). Then for t > 1, 


J j Us{x)dxds > Oj <48(l + 0)e®*y e « uo{x)dx. 


(7.1) 
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Proof. The first part of m Lemma 2.1] yields that if vq G supported outside {—{R + 2),oo) then 

a solution v to (HI]) started at vq satisfies 


t poo 



Vs{x)dxds > 0 ) = P 


0 J-R 


t pR 



Va{x)dxds > 0 


0 J-R 


(7.2) 


< 


< 


48{l + e)e^^ J 
48{l + e)e^* J 


e 4t vo[x)dx 


(-R+2) (-^-(fl+l))2 

e 4t vo[x)dx. 

— OO 


Set uo(-) = "WoC' + 272) and use the shift-invariance of solutions to (|l.ip to get 


t poo 



0 JR 


Us{x)dxds > 0 ] < 48(1 -|- 6)e' 


Qi- I (r^-(H-l)) 


4t uo{x)dx 


as claimed. 

The next lemma provides us with a similar statement for t > 0 arbitrarily small. 


(7.3) 

□ 


Lemma 7 . 2 . Let R > r > q > 0 arbitrarily fixed. If uq G is supported outside (—72,72) and u is a 
solution to HID starting in uq, then for t > 0 


J Us{x)dxds > 0^ < C [d + {R — r) J ^1 A 


Vi 


x| — 72 


exp 


where C is a constant. If uq is supported outside (g, oo), then 


P 


t poo 



0 Jr 


,{x)dxds > 0^ < C [6 + {r — q) ^) J ^ A 


Vi 

q — X 


exp 


(- 


(- 


(kl -R)" 

At 


(q - X? 
At 


uo{x)dx, (7.4) 


uo{x)dx. (7.5) 


Proof. We follow in main parts the reasoning of the proof of m Lemma 2.1] and only indicate the changes 
where necessary. Let 0 <(/),. G such that {x : 4>r{x) > 0} = (—r,r). For A > 0 let be the 

unique non-negative solution of 


^t = fxx + 0^-il/2)^^ + Xfr, e(0,-) = 0. 


In |17l (10)] it is shown that 


x) < h{x) = 26 + 12(]xj — r) ^ for all jxj > r, A > 0. 


(7.6) 


(7.7) 


Set 'ij:^{s,x) = Vil ~ s,x) for s G [0,t] and t > 0 fixed. Reason as in the proof of Dawson, Iscoe and 
Perkins [U Lemma 3.5], (3.2.21)-(3.2.24), leaving out (3.2.23) (note that we use A and where [3] use 
9 and u, u). To account for the additional term of Of in (|7.6p . we add this term in the definition of f but 
note that [31 (3.2.21)] remains unchanged. Analoguous reasoning then leads to 


A( e®^'0'''(s, x)) = —Xe^^4>r{x) 


9s. 


and 


C^Lx) = AE5 


Jo 


(7.8) 


(7.9) 


where Eq denotes expectation with respect to Pq, the law of Brownian motion starting in x. In case 
jxj > 72 > r, 

e{t,x) < - TR,B{TR))e^^V (7.10) 
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follows with Tr = inf{t : |i?(t)| < R}. Next reason as in [3l (3.2.11)-(3.2.12)], using (17.71) and the 
definition of Tr to obtain 


< P^(Tr < t)h{R)e^^ < Ae^%{R)P^[Bi > 


l^l — R 

~vr 


<Ce^^h{R) ( lA , 


|x| — R 


At 


for some constant C. 

Recall from [T71 (9)] that 


E 


exp( — A J {us,(j)r)ds 


> exp(^-(no,?^(i,-))) • 


Take A —)• oo and use 1 — e ^ < x for x > 0 to conclude 

rt pT 


¥l I J Ua{x)dxds > 0 j < Ch{R)e^^ ^ A | | ^ 


exp 


At 


(7.11) 


(7.12) 




concluding the proof of the first claim. The second claim follows as in Remark 17.11 above. 


(7.13) 

□ 
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